Turkish Journal of Computer and Mathematics Education Vol.11 No.03(2020), 1351-1360
Research Article

APPLICATIONS TO PARTIAL DIFFERENTIAL EQUATIONS IN NONLINEAR SECOND
ORDER EQUATIONS

'ADAPA DURGA MADHURI
Associate Professor B. V. C Engineering College (A)
madhuriadapa?2@gmail.com

’pV. NARESH SAGAR
Asst. Professor B.V.C Engineering College(A)
sagar.pvh(@gmail.com

SPINISETTI GANGARAJU
Asst. Professor B. V. C Engineering College(A)
laxmigangaraju@gmail.com

ABSTRACT:
In the present paper there is a detailed study for the abstract second order (in time) semi linear
differential equation on Cauchy problem

')+ Auw'(t)+ Bule) = fl1, uir)),
in which A and B are (generally unbounded) operators which are
linear in a Banach space. This sort of problems rise up frequently with in the study of PDE (partial
differential equations). In regular we manage a nonlinear perturbation (likely related to spatial
derivatives) through the linear terms, which incorporate higher order spatial derivatives. But opposite
to the same old approach of lowering the hassle to a 1st order device in some “energy” norm space, we
make the use of the factoring approach. The approach lets in the equation to be written as integral
equation which consists a double integral related to the non linearity, reflecting the truth that the
equation is 2nd order. There are numerous blessings to this technique with a purpose to be illustrated
completely with in the examples. At first, we display that the equation is domestically posed well if the
nonlinearity is going to satisfy the local Lipschitz condition

'|_|I"-“‘ [ h i__uﬁh Hz”i £.Chl :lul ”2'-.4 + Cl‘ E”I _”:'Ilf":

(on soaking up linear terms into f, higher order derivatives of the operators A and B want be retained.)
For partial differential equations, this offers a great rule of thumb for figuring out if a positive hassle is
locally properly posed. Energy strategies may be used to expose worldwide existence. Secondly, this
technique applies to problems of each hyperbolic and parabolic.
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EQUATION OF KLEIN-GORDON:
Here, the proof for the existence regarding a strong global solution and study of bifurcation of the
heavily damped Klein-Gordon equation shall be done.

u, — 200 Au, — Au=pu—b |ul " u, (3.1)

With peR, a >0, q > 1, in the domain which is bounded, QER" n = 1,2,3, of smooth 852 , the
condition for boundary u (t, x) = 0 is x €0Q. (With the spectral Decomposing instead of extending to
the characteristic function, we can derive the local existence of Q = R®. The argument for global
existence and energy is the same.) If p=0, o = 0, and 1<q<3, and there is a known weak global
solution. the result shows that for a > 0, > 3 has a strong global solution, leading to the problems
which are interesting: Set initial conditions, q> 3, representing the corresponding solution of equation
(3.1) and The weak solution equation (3.1) corresponding to v, a. = 0.

lim a—0, does it have a strong meaning? What’s the connection between u a and v?
Lets put (3.1) in Complex Hilbert space L2(Q2), A represents closure of Laplacian relative to the
L2 norm in the set

lue CY2):u=0 on Q}

- A have these Eigenvalues, Aj, j =1, 2, ..., Aj> 0 with lim j—oc0 Aj = o and the corresponding complete
orthogonal eigenvector set.
Lets consider

A, =closure (ad+ (—1)“(2’4*+ 4)'?) for k=1,2
Then we see that A is the
sum of operator which is non-positive self adjoint and an operator which is bounded (it is corresponded

to eigenvalues which are finite, where

(&2/11.2 — A;) is negative

Therefore semigroup Ty, k = 1, 2 which is generated by Ay.
Now let B; =1 (identity) B, =A.

1) NSfG)l < g(K), || flu) = f)] < g(K)(NA(u—~ )| + [|u—vl)
(i) Ndu, .\ < C(ldugl + f§ || £.(5)| ds), and
(i) (Muy 1 —u)l < C 51 1als)— fu_1(8)] ds
Where,
llaell, lloll, Il dull, 4ol < K
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gis asin (H1), Cis a _ +ve constant which is
independent of n and f, f,,{-i' f(u,,{s)} —_ #u - b |1||‘. i{qr

ConSider’ - - . . - . .- - - - .-
lull o = SUP.ep u(x)| and ull,=(Jq lul” dx)'”, p21

now, from the imbeddings of Sobolev,

lull o < C | Aull and |u],< C || dul

for C > 0. Therefore (1) is followed.

18,01~ = |4 [ [ expl(—1) 4,) expl((x —5) 43) g(s) a'rds”
| 0%

T (=1) [ | explle—z)(~2t,~ )

x exp((t — s} —ad;+ B,)) g/(s) dr ds H

As (11) and ( 1i1) are similar, we shall verify only (ii1),

from Operational Calculus for self adjoint operators, by using value of B; .i.e.

(a2 = )" and g(5) = {g(s), ¢;

A, —u,)li* = {E?*EIJ{U'—S){HS'!:j +8,)

2]

2
—exp((t —s)(—ak;— f))) g/(s) €; ds
‘ ‘ 2
here, <C H (Ty{(t—-s)—T,(t—15)) g(s) ds!
C = sup; |A/(2?42 — 1)) |
We can separately consider a limited number of eigenvalues,
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where 3j = 0 to get the same inequality).
| 4Gty (1) — (D] < C §5 11 g(5)) ds
Therefore(3.1) has a mild local solution.

Existence of a global solution which is real with b> 0 is followed by considering the following
energies

E\(#)= (IVall* + Nl 1> — e [l *)/2 + & u'e* 172 %/(q + 1)
Ex(1) = Lo | 4ull® + Ju [® + [Vuli® — p ful)®

Where (.,.) + 2b ||.'.d“‘r * ”’Q” 2/(@ + 1)]/20: - <H” ﬁlu) represents inner
products. According to(3.1) and part of the integral we get

dE (1) ,
—-—-—l—l-'—' — |
" 2% Vi,

Itfollows that E; (t) does not increase.If p < 0, there is no
problem. We assume L is a positive number. Now let us assume [|pt||* is unbounded. Then there is an
increasing sequence t, such that

Ju(t,)|*>n, n=1,2,.
B, = xeQ: |u(t,)]* ' >{g+ 1)(u+1)/2b}

[, u(t,) dx— oc as n— oo

, IH{IH}E{‘?*” " ,
El“n}f}-’-ﬂb @+ 1) “EIHUHH dx

o

= | lu(t,)|*(2b |a(2,)|*" /(g + 1) — p)f2 dx

v {2

>| wt,)2dx-C,

where C is - some fixed

positive value. Since Jon U (tn) dx — oo, Eyty— oo it is a contradiction and therefore, ||u|| is a bounded
function in t. From the definition of E; we then see that |.ul|, |ju| and |ju‘“*""?|| bounded uniformly in t.
We now consider E,.
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Since U= o
dE(1 u
Au ——-2-—)=J‘ (du) o du, + w,u,/a+ Vu, Vu, Au-
q- 1
bju dt o utpu,
) b
— (Au) 2, + Vu-Vu,ja + |ul¥ u, sign u +puu,/1}
Aut=un—Au+b|u|q'1u—uu, and v|u| = sign uyu we get
since [[vu|

is dEZ(I) '[ Au)z + b 'HI'? Slgn u Au + J] Vu Vu dx

_ _J (A4u)? + (b [u]? ' — ) |Vu|? dx.
0
bounded ,

— (OsC

for the constant C_~ 0. Thus Ex(t) © Ct + C; , with C; a positive value(i.e. fixed). Using the inequality
with

2 [{du, u, H| < Bl 4ull® + llu,|*/B,

with P arbitrarily least and since |ju|| and |[u|| are bounded, here it is from E, that ||Au|| is bounded on
certain intervals. Therefore, from Corollary 2.3 we have global existence of solutions of (3.1) for all q
>_1. To show that solutions are strong solutions it is necessary to prove that uy_ Au, Au are LY(Q). We
show that Au, i, the others being similar. Using Lemma 2.1 on

u(t) = uﬁ(x)+£]r f T,(t—1) Tyt —s) fluls)) d ds

(and assuming the initial data are enough so that ,Auy, Aug, Augy exist) we have after a substitution and
a change in the order of integration that
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Au(t) = Aug, + 4 -g;r Tyt—1) | Ty(t—s) fluls)) ds dr
0 0
= o+ 4 [ T,(1=5) f(uls)) ds

+A4; [ To(t—1) 4 [ Ty —s) fuls) ds dr.
0 Y0

Since (i) A, is bounded (its spectrum is bounded), (ii) A, Az, A, T; and T, all reduced, (iii) D(A) =
D(A) by the operational calculus of self- adjoint operators and

(v) [ Tit=5)f(s)dseD(4) i fe CR, ), i =1,2

we have that considered terms is in L*(Q). We now study bifurcation by letting u be a parameter and
using the Center Manifold Theorem [4]. To do this we need to reduce (3.1) to a first order system (3.2)

d[u A, 0\ u
?f?(v)z(o Az)(v)m“"”’

where F(u, v) = (v, f(u))", T is the transpose operator. It is easy to see that a strong solution u to (3.1)
gives a strong solution to (3.2) with u = u; - Aju.Therefore we have existence of global strong solutions
of (3.2).

Can be mentioned that by the operational calculus for self adjoint operators and here, 20> oA; (large
), we have D(A)=D(A'for 0 <7< 1.

Let F((0, W) )= (v, ud-b|o|*" )™, F have Frechet derivative F' from D(A")) @L*(Q) intoL(Q)BLA(Q)
which is continuous, and F'(0)= (Op1 0)-

D(A4)is 2= 1181* + | 4341
Consider, p=Aa,+ 204 ¢
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G-+ ()6 () .

A=(3 4)and G(})=( blui- 1)

EIa

(3 W) =Xl(ae,, be)"=X(a, b) e,

If,
then,
,f('ﬁ):Z(_aif":“]’:“r;*j"r}m 1 | )(a,)e
W Ay —ad,+ (?22—2)"2 \b,)
and, o(A) = (B =~y (@4 = 4+ ) %=1, )

Note that, =0, and
Re{Br, B3, } < —0<0

and =0

Eigenvectors associated with B*; are

[r=(1, ok, + (@4 =4,)"*)T e,

Eigenvectors associated with B* j=2 are orthogonal to *

The projection along { onto f*

P(a,b)" e, = (A, — (2PA2 = A)"2 1), (a, b)) f* /204,

The equation 3.3 can be
rewritten as,

s'(e) fr=s(t)ef ™+ PO, —b jul* u)T,
y'(1)=By(t) + (I — P)O, —b [u|* u)", (3.4)
g =0

where y is in the space
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Hel =15

with

rere

The complement which is orthogonal of f+ and f- in L2(Q), B could be a linear operator on H with
Re g(B)< —d.. By Theorem 6.2.1, there's a Lipschit- zian native invariant manifold for some ¢o> 0.

i o= . = | &l 1
§={y="his e); lsh lel <@} i 4150 drawn by the normal equation. The flow in S can be represented by

the following differential equation
s =sef T 4+ PG(sf™ + his, 2))

g =0
From the corollary 6.2, we get, Ih(s, e)ll = O(s* +¢7) as (s,6)—(0,0). Therefore,

PG(sf* +hi(s,e))= —Cls|*" " of * + O(s°*" + &%)

Lk

As where, (58 =1(0,0) here C=2 fa le; ey dx/204, >0. g4 the flow on the manifold S may be

represented by the solution to
i=es—Clg9! ,:-'+ﬂ[_'i’°+1, £s?)

g =A(.

(3.5)

If € =0, the solution to (3.5) decays exponentially and thus the origin is asymptotically stable in Eq.
(3.2). Likewise when € = 0, the origin is stable. Suppose € > 0 and small. Since (for € small and fixed),

e —C s 's4+ O(s4* ! es%) =0 (3.6)

has a negative and positive root (close to zero), the unstable manifold of the origin consists of two
orbits which are stable connecting two points which are fixed to the origin.

We finally remark that analogous bifurcation results for (3.1) were derived by Webb when Q = (0, ).

RESULT:

We have discussed the Cauchy problem for the abstract second order differential equation which is
semi linear, where the linear operators in a Banach space. These problems often arise in the study of
partial differential equations. As in usual we control a non linear perturbation by the linear terms, which
contain higher order spatial derivatives. This method allows the equation to be written as an integral
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equation containing a double integral involving the nonlinearity, reflecting the fact that the equation is
second order.

CONCLUSION:

The applications of partial differential equations in solving non linear second order differential
equations is very interesting and helps us to solve the non linear second order differential equations.
There have been many people working on this and this have been developed over years and may take
advancements in the future coming years. The paper can be understood by keen observation and
understanding of partial differential equations and non linear second order differential equations.
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