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Abstract

Motivated by the notion of Kuratowski convergence of sequences of closed set [20]. In this
paper, we extend the concept of Kuratowski convergence to Kuratowski ideal convergence
with respect to intuitionistic fuzzy normed space for a double sequence of closed sets and
rectify some properties for this new defined double sequence spaces.
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1 Introduction

Theory of fuzzy sets was studied and introduced by Zadeh [21] in 1965. In past years, the fuzzy
theory has emerged as the most active area of research in many branches of mathematics and
engineering. One of the most important problems in fuzzy topology is to obtain an appropriate
concept of fuzzy metric space. Park [13] discussed the notion of intuitionistic fuzzy(IF-) metric
spaces which is based both on the idea of IFS which was introduced by Atanassov [1] and the
concept of a fuzzy metric space by George and Veeramani [6]. The notion of intuitionistic fuzzy
norm space [15],certainly there are some situations where the ordinary norm does not work and
the concept of intuitionistic fuzzy norm seems to be more suitable in such cases, that is, we can
deal with such situations by modelling the inexactness of the norm in some situations.

The statistical convergence of a sequences came into existence in 1951 by Fast [4]. When
difficulties comes in series summation then this new concept was introduced. In this new idea
of convergence of a sequences was that the majority of elements converges and we do not
care about what is going on with other elements. In 2006, M. Burgina and O. Duman [11]
studied that the sequences come from real life sources, such as computation and measurement
do not permit in a ordinary case, to test that they converge or statistically converge in the
mathematical sense. Later on it was analysed by Friday [5] from the sequence point of view
and linked it with the summability theory. Z-convergence is a generalization of the statistical
convergence. It was studied at the initial stage by Kostyrko, Salat and Wilezynski [8]. Further
it was studied by Salat [17]. Salat, Tripathy and Ziman [18], Demirci [3], Khan et.al [7] and
many others [12,16]. Kumar and Kumar [9] studied the concepts of Z-convergence and Z*-
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convergence for sequences of fuzzy numbers.

In 1902, Painleve introduced the concepts of inner and outer limits for a sequence of sets
in his lecture on analysis at the University of Paris; set convergence was defined as the equality
of these two limits. This convergence has been popularized by Kuratowski in his famous book
Topologie [10] and thus, often called Kuratowski convergence of sequences of sets.

2 Definitions and Prelimineries

We first recall the concepts of an ideal and a filter of sets :

Definition 2.1. /8] If N x N be the set of Cartesian product of natural numbers, then a family
of subsets T of N x N is called an ideal in N x N if

(¢) dl,
(b) AABel=AUBE¢€I,
(c) For each A€ I and B C A, we have B € 1.
Remark 2.1. An ideal I is said to be non-trivial if T # 2N*N,
Definition 2.2. /8] A non-empty set F € 2NN is said to be filter in N x N if

(a) ¢ & F,
(b) For A,B € F, we have ANB € F,
(c) For each A € F with A C B, we have B € F.

The following proposition expresses a relation between the notion of an ideal and filter :

Corollary 2.1. For each ideal I, there is a filter F(Z) associated with Z defined as:
FIZ)={M CNxN:NxN-MeT}.

In 2008, Das et al. [2] gave the notions of ideal convergence of double sequences in real line
as well as in general metric spaces. They firstly investigate the porosity and category position
of bounded ideal convergent double sequences.

Definition 2.3. A nontrivial ideal I of N x N is called strongly admissible if k x N and N x k
belong to I for each k € N.

It is easily see that a strongly admissible ideal is admissible also.

Let [p ={K C NxN: (3m(K) e N)(i,j >m(K)= (i,j) ¢ K)}. Then Ij is a nontrivial
strongly admissible ideal and clearly an ideal I is strongly admissible if and only if Iy C 1.

An admissible ideal Z C 2¥*N is said to be property (AP), if every countable family of
mutually disjoint sets {A;;} belonging to Z, there exists a countable family of sets {B;;} of sets

such that each symmetric difference A;; AB;; is finite set for (7,j) € NxNand B= |J B;;j € 1.
ij=1
Hence B;; € I for each (4,7) € N x N.
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Definition 2.4. An element & € X is said to be Z-limit point of a sequence x = (x;5) if there is
aset M ={mi <miz <..<my < ..} CNXN such that M ¢ I and lim x;; = &. The set
j—00

)

of all Z-limit points of a sequence x will be denoted by Z(/,).

Definition 2.5. An element £ € X is called Z-cluster point of a sequence x = (x;;) if for each
€ >0, we have a set {(i,7) € N:d(x;;,§) < €} ¢ Z. The set of all Z-cluster points of a sequence
x will be denoted by I(T'y).

Let £, denote the set of all limit points £ of the double sequence z;;; i.e., { € Ly if there
exists an infinite set K = {k11 < k12 < ...} such that zgm, — £ as (m,n) — oco.
Clearly, for an admissible ideal 7 we have Z(\,) C Z(I'z) C L.

Lemma 2.1. [18] K be a compact subset of X. Then we have KNZ(I'y # ¢) for every x = (x;;)
with {(i,j) e NxN:xz;; € K} ¢ 7.

The concept of Z-limit superior and inferior were studied and introduced by Demirci [3] as
follows :
Let Z be an admissible ideal and = = (x;;) be a real number sequence.

7 —limsupz;; :=
%,j—+00

sup B, if By # ¢,
—00 if B, = ¢,

liminf A, if A, # ¢,
o0 if A, = o,

1,]—>0Q

Z — liminf z;; := {

where
Ay ={aeR:{(i,j) e NxN:a;; <a} ¢ I} and
By ={beR:{(i,j) e NxN:z;; > b} ¢ 7}

Lemma 2.2. [3] If f =7 —lim sup z;j is finite, then for every e > 0,
,j—00
{(i,j)GNXNZJ?Z'j>B—6}¢I and{(i,j)eNxN:wij>5+e}€I.
Conversely, if the above equations holds for every e > 0 then B =1 — lim sup x;;
1,j—+00
The dual statement for I — liminf is as follows :
Lemma 2.3. [3/ Ifa =7 —lim inf x;; is finite, then for every e >0,
1,j—00
{(1,j) e NxN:zjj <a+e ¢ and {(i,j) e NxN:z;; <a—e} €L,
Conversely, if the above equations holds for every e > 0 then a = Z — lim 0 1§1f Tij-
1,5 )—00
Definition 2.6. [7/A binary operation * : [0,1] x [0,1] — [0,1] is said to be a continuous
t-norm if it satisfies the following conditions:
(a) * is associative and commutative,
(b) * is continuous,
(¢c)ax1=ua for all a € [0,1],
(d) axb < cxd whenever a < c and b < d for each a,b,c,d € [0, 1].
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Example 2.1. Two typical ezamples of continuous t-norm are a*xb = ab and a *b = min(a,b).

Definition 2.7. A binary operation < : [0, 1] x[0,1] — [0, 1] is said to be a continuous t-conorm
if it satisfies the following conditions:

(a) ¢ is associative and commutative,

(b) © is continuous,

(¢c) a0 =a for all a € [0,1],

(d) aob < cod whenever a < c and b <d for each a,b,c,d € |0, 1].

Example 2.2. Two typical examples of continuous t-conorm are a b = min(a + b,1) and
aob=maz(a,b).

We define the notion of intuitionistic fuzzy normed spaces with the help of continuous t-
norms and continuous t- conorms as a generalization of fuzzy normed space due to Saadati and
Vaezpour [14].

Definition 2.8. [7/The five-tuple (X, u,v,*,¢) is said to be an intuitionistic fuzzy mormed
space(for short, IFNS) if X is a vector space, % is a continuous t-norm, ¢ is a continuous
t-conorm and p, v are fuzzy sets on X x (0,00) satisfying the following conditions for every
z,y € X and s,t > 0:

(©) 1)+ V(D) < 1

(b) p(z,t) >

(c) p(z,t) = 1 if and only if z =0,

(d) plazx,t) = p(z Ty Ty ‘)for each o # 0,

(e) pz,t) * ply, s) < plx +y,t+s),

(f) p(z,.) : (0,00) — [0,1] is continuous,

(9) fim p(z,t) =1 and lim p(z,t) = 0,

(h) v(z,t) <1

(i) v(z,t) =0 if and only if x =0,

(G) v(az,t) = v(x, B |) for each o # 0,

(k) v(z,t)ov(y,s) > v(ix+y,t+s),

(1) v(z,.): (0,00) — [0, 1] is continuous,

(m) tliglo v(z,t) =0 and %gr(l) v(z,t) = 1.

In this case, (u,v) is called an intuitionistic fuzzy norm.

Example 2.3. Let (X, ||.||) be a normed space. Denote a b= ab and a©b = min(a + b,1) for
all a,b € [0,1] and let po and vy be fuzzy sets on X2 x (0,00) defined as follows:

M0($7t):: FEFTIRTE
t+ ||zl

for allt € RY. Then (X, u,v,*,0) is an intuitionistic fuzzy normed space.

Definition 2.9. Let (X, pu,v,*,0) be an IFNS. For t > 0, we define open ball B(x,r,t) with
center x € X and radius 0 < r <1, as

B(x,rt)={ye X :ulx —y,t) >1—r,v(z —y,t) <r}.
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Definition 2.10. Let (X, p, v, *,0) be an IFNS. Then a sequence x = (xy) is said to be conver-
gent to L € X with respect to the intuitionistic fuzzy norm (u,v) if, for every e >0 and t > 0,
there exists kg € N such that p(xy — L,t) > 1 —€ and v(xy — L, t) < € for all k > ko. In this
case we write (u,v) —limz = L.

Definition 2.11. Let (X, p, v, %,0) be an IFNS. Then a sequence x = (xy) is said to be a Cauchy
sequence with respect to the intuitionistic fuzzy norm (u,v) if, for every e > 0 and t > 0, there
exists ko € N such that p(zy — x,t) < € and v(xg — z,t) < € for all k,1 > ko.

3 Kuratowski Statistical and Kuratowski Z-Convergence

In this section, we recall some basic properties of Kuratowski convergence. We use the following

notation:
N = {N CN:N\N finite}
:= {subsequences of N containing all n beyond some ng}
N* = {N CN: Ninfinite} = {all subsequences of N}.

We write lim when n — oo as usual in N; but lim in this case of convergence of a
n—00 neN

subsequence designated by an index set N in A%

Definition 3.1. For a sequence (E,) of closed subsets of X; the outer limit is the set

limsup E,, := {z|Ve>0,3N e N*.Vn e N:E,NB(zx,e) # ¢}

n—o0

= {z|3N e Nt .Vne N,3z, € E, : lin]aV:Un =z},
ne

while the inner limit is the set

liminf £, := {z|Ve>0,3N € N,Vn € N : E, N B(x,¢) # ¢}

n—o0
= {z|IN e N,Vn € N,3z, € E, : lir?vxn =x}
ne

The limit of a sequence (E,,) of closed subsets of X exists if the outer and inner limits sets
are equal, i.e,
lim E, = liminf E,, = limsup E,.
n—00 n—00 n—00
Talo et al. [19] introduced Kuratowski statistical convergence of sequences of closed sets. The
statistical outer limit and statistical inner limit of a sequence F, of closed subsets of X are
defined by

st —limsup E, := {z|Ve > 0,3IN € §*,Vn € N : E, N B(x,€) # ¢},

n—oo
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st — liniinfEn = {z|Ve > 0,3IN € §,Vn € N : E,, N B(z,€) # ¢},

where,

S:={NCN:§N)=1}and S := {N CN:§(N) #0}.
The statistical limit of a sequence (E,,) exists if its statistical outer and statistical inner limits
coincide; ie,

st — lim E, = st — liminf E,, = st — limsup E,.
n—00 n—00 n—00

Further, Talo and Sever [20] introduced Kuratowski Z-convergence of sequences of closed sets.

Definition 3.2. Z-outer limit and Z-inner limit of a sequence E,, of closed subsets of X are
defined by
T —limsup E, := {z|Ve > 0,3N € N',V¥n € N : E, N B(xz,¢) # ¢}

n—o0

and
Z — liminf E,, := {z|Ve > 0,3IN € N;,VYn € N : E, N B(x,€) # ¢}
n—0o0

where N := {N CN:N\N € Z} = F(Z) and N7z := {N CN: N ¢ T}.

The Z- limit of a sequence (E,,) exists if its statistical Z-outer and Z-inner limits coincide.
In this situation we say that the sequence of its is Kuratowski Z-convergent and we write

Z— lim E, =7 —liminf E,, =7 — limsup E,,.

n—00 n—00 N—300
Moreover, it’s clear from the inclusion N7 C ./\/’g that

7 —liminf £, CZ — limsup E,

n—00 n—o00

so that in fact, Z — lim,, .~ Fn = E if and only if

Z—limsupFE, CACT—liminf E,

n—00 n—=00

4 Kuratowski IF-I-Convergence
In this section, we introduce Kuratowski IF-I-convergence of double sequences of closed sets.

We use the analogous idea employed by Kuratowski [10] and Talo et al. [19] for convergence and
statistical convergence of double sequences closed sets. Let us consider

Ny:={NCNxN:NxN-Nel}=F(I)and N':={NCNxN:N¢I}

Firstly, we define the I analogues for outer and inner limits of a double sequence of closed
sets.
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Definition 4.1. The IF — I-outer limit and IF — I-inner limit of a double sequence (A;;) of
closed subsets of X are defined as follows:

Ly im_sup Aij = {al¥e > 0,3N € Nj,V(i, j) € N = Ay (1 Bo(r, 1) # 0},

and
T i}iinoo inf A;j := {z|Ve > 0,3IN € N1, V(i,j) € N : A;; N By(r,t) # 0},

The I(,)-limit of a sequence (A;;) ewists if its IF — I— outer and IF — I-inner limits
coincide. In this situation, we say that the double sequence of sets is Kuratowski IF-I-convergent
and we write

I(,u,l/) lim inf Al] = I(,u,y) lim sup A’Lj — I(

1,J—00 4,j—00

mY) ;i oo

Moreover, it is clear from the inclusion Ny C N}j that

L) Z}gnoo inf Aij € 1) Z}l_fgo sup Agj

so that in fact, I,y — lim A;; = A if and only if
1,j—00

I( lim sup Aij - A - I(u,u) lim inf Aij

1) i,j—00 i,j—00

Remark 4.1. I(,, ,) — lim A;; = A if and only if the following conditions are satisfied:

1,j—00
(i) for every x € A and for every ¢ > 0 we have {(i,7) € Nx N: B,(r,t) N A;; # 0} € F(I);
(ii) for every x € X A there exists € > 0 such that {(i,j) € Nx N: By(r,t) N Aj; =0} € F(I)

We give some examples of ideals and corresponding IF-I-convergence.

(I) Put Iy = {0}. Iy is minimal ideal in N x N. Then for a sequence (4;;) of closed sets we
have

o) e )
]('LL,Z,)O — i,}iinoo inf Aij = ‘ml Aij and I(u,l/)o — i,}iinoo sup Aij = Cl ‘Ul Ai]’,
1,]= LJ=

where cl(A) denotes the closure of the set A in Intuitionistic fuzzy normed space (X, p, v, *, ).
A sequence (A;j) is Kuratowski- IF — Ip-convergent if and only if it is constant set.

(IT) Take for I the class I of all finite subsets of N x N. Then Iy is a non-trivial admissi-
ble ideal and Kuratowski I F'—1I; convergence coincides with the usual Kuratowski I-convergence.

(III) Denote by I the class of all A € Nx N with 6(A) = 0. Then Is is non-trivial admissible
ideal and Kuratowski I F'— I5-convergence coincides with the Kuratowski statistical convergence.

Note that if I is an admissible, then Iy C I. It is clear that
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lim ianij Q I — lim ianij g I(N V) — lim ianij Q I(

lim sup A;;
1,j—00 1,j—00 ’ 1,j—00

mV) T i e

C1I— lim supA;; C lim sup A;;.

1,j—»00 1,j—00

Hence every Kuratowski convergent sequence is Kuratowski-IF-I-convergent, i.e.,

lim A;; = A implies I(,,,) — lim A;; = A.

1,j—00 ’ 1,j—00

But, the converse of this claim does not hold in general.

Example 4.1. Let X =R x R. We decompose the set N x N into countably many disjoint sets

Ny ={29"12s—1):s €N}, (3,5 = 1,2,3,.......).

o0
It is obvious that Nx N = J N;; and N;j N Ny, = 0 for (i, 5) # (m, n). Denote by I the
ij=1
class of all A C N x N such that A intersects only a finite number of IV;;. It is easy to see that
I is an admissible ideal. Define (A;;) as follows: for ij € N;; we put

1 1
Ajj={z e RxR: C <o < Y0 =1,2,3, ).
t)

ij
Let € > 0,t > 0. Choose p € xN x N such that % < €. Then
{(4,7) e Nx N: A;; N By(r,t) =0} S NtUN2 U ... U Np.
Thus
{(i,§) e Nx N: AN By(r,t) =0} € Iie; {(i,5) € Nx N: Ay N By(r,t) # 0} € F(I).

SoI— lim A; =0 and hence [, ,) — lim A;; =0.

1,J—00 ’ 4,J—00

However
lim infA;; =0 and lim supA;; ={z e RxR:z <1}

7,]—00 1,J—00

Therefore (A;;) is not Kuratowski convergent.

Theorem 4.1. Let (A;j) be a sequence of closed subsets of X(IF — NS). Then

I

ppy— lim inf A= () e U Ay andI(MV)—'}im supAi; = () o U Ay

oo NieNt  (L5)ENy; bhj—o0 Niy€Nr  (if)EN;;

Proof. We prove only the first equality because the proof of the second one is similar to the first
one. Let x € I(,,,) — lim inf A;; be arbitrary and N;; € Nﬁ be arbitrary. For every e > 0,¢t > 0

4,]—00

there exists Ni; € Ny such that for every (i,7) € N1y

Aij N Bx(r,t) ?é @
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From Lemma 2.2 we have N;; N Ni1 ¢ Nﬁ. So there exists ng € N;j N Nii such that
Ajjo N By(r,t) # 0. Therefore,
( U Al]) QBI(T, t) 7& @
ijENij
This means that x € ¢/ |J A;;. This holds for any N;; € Nﬁ.
ijENij
Consequently, z € () c U Ai.
Ni]‘EN}j ijeNij
For the reverse inclusion, suppose that x ¢ I, (up) — Aim inf A;;. Then, there exists e > 0,7 >0
1,j—00
such that
Nz'j = {(l,]) e NxN: Aij ﬂBx(T,t) :w} ¢ I,
ie; N;j € Nlli. Thus
( U AU) N Bx(r, t) = 0.
This means that « ¢ ¢/ |J  Aj;;. This completes the proof. [
(4,9)EN;

Remark 4.2. As a consequence of Theorem 1, for any given double sequence (A;j) the sets
Iy — lim inf A and I, ) — lim sup A;; are closed.
1,j—00 1,j—00

Theorem 4.2. Let (A;j) be a double sequence of closed subsets of X. Then for everyt >0

I(Mﬂ/) — z,}gnoo ianij = {wu(u,l/) — hm ,u(x — Aij,t) =0 or I(MJ/) — hm V(.ZL‘ — Aij,t) = 1},

1,j—00 1,j—»00

I(W’)_i,}iinoo sup A;j = {x\I(W,) —i}iinoo inf p(x—A;5,t) =0 or Iy — lim infv(z—Aj;,t) =1}

1,j—00
Proof. For any closed set A we have
plx —Ajt) >eor vz —At) <1—es ANB(r,t) = 0.

Suppose that I, ) — lim p(z — Ajj,t) =0and I(,,) — lim v(z— Aj,t) = 1. Then for every

’ 1,j—00 ’ 1,j—00
e>0,t>0

{(1,7) e Nx N:p(x — Ajj,t) > eor v(x — Aj;,t) <1—€} €.
Then, for every € > 0,t > 0 we obtain

{(i,5) e Nx N: A;j N By(r,t) =0} € 1.

This means that
{(i,7) e Nx N: Ajj NB(r,t) £ 0} € F(I).

That is , x € I(MV) — lim inf Al]

1,]—00
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Now, we show the reverse inclusion. Let x € I(,, ,)— lim inf A;;. Then for every e > 0,¢ >0
4,j—00
there exists N;; € Ny such that A;; N B (r,t) # 0 for every ij € N;j. Since
{(2,]) ENXN:AijﬂBI(T,t) 20} QNXNNZ']'
we have
{(i,5) e Nx N: A;j N By(r,t) =0} € 1.
So, we have
{(1,7) e Nx N:p(x — Ajj,t) > eor v(x — Aj;,t) <1—€} €.
That is, I(,,) — lim u(x — Aj;,t) =0and I(,,) — lim v(z— A;;,t) =1.

1,j—00 ,J—00
Similarly, for any closed set A we have

plz — Ajt) <eorv(ix—At) >1—es AN By(r,t) # 0. (4.1)

Suppose that I, . —Ji]_rr)loo inf pu(x — Aij,t) = 0 and I, ) — z}linoo inf v(z — Aj;,t) = 1. Then for
every € > 0,t >0

{(i,j) e Nx N: p(x — Ajj,t) <eorv(x— A, t) >1—¢e} ¢ 1
By (3.2), for every € > 0,¢ > 0 we obtain
{(i,j) e Nx N: Ajj N By(r,t) # (Z)} ¢ 1.

This means that = € [(,,,) — lim sup A;;.
1,]—00

Now, we show the reverse inclusion. Let z € I(,,,,) — lim sup A;;. Then for every e > 0,¢ >0

2,]—>00
{(i,§) e Nx N: Ay N By(r,t) #0} ¢ 1
we have
{(i,7) e Nx N: A;j N By(r,t) =0} € 1.
Then, we have

Ty — lm infpu(z — Ay, t) =0 and I(,,) — lim infv(z — Aj,t) = 1.

,]—>00 1,]—>00

Theorem 4.3. Let (A;j) be a double sequence of closed subsets of X. Then for everyt >0

im y;; =z} (4.2)

1
1,] —00

I(M»V) — z,}gnoo inf Aij = {$|V(Z,]) € N x N, Elyij S Aij : I(%V) —

Proof. Let x € I, ,)— lim inf A;; be arbitrary. By Theorem 4.2, I(,, ,y— lim pu(z—A;;,t) =0
1,j—00 1,j—00

and I, ) — Z}linoo v(z — Aij,t) = 1.

For every € > 0,t > 0

{(1,j) e Nx N: p(xz — Ajj,t) > = or v(x — Ajj,t) < 1—%} el

N ™

1973



Turkish Journal of Computer and Mathematics Education Fol 1l No .13 (2820), I964-1976

Research Article

Since A;j is closed, for (i, j) € Nx N, there exists y;; € A;; such that p(z—y;;,t) < 2u(x — Ay, t)
and v(z — y45,t) > 2v(x — A;j,t). Now, we define the sequence

{yijlvij € Aij, (1,5) € N x N}

Then I, ,) — Z}gnoo yi; = x}. On the contrary, assume that « belong to the right hand side set
of the equality.’ Then, there exists

{vijlyi; € Aij, (i,7) € N x N} such that I, ,) — l}linoo yi; = «}. Then for every e > 0,¢t > 0

{(1,§j) e Nx N: p(x — Ay, t) > eor v(x — A, t) <1 —e} el
The inequalities pu(x — i, t) > p(x — Ay, t) and v(x —y;5,t) < v(x — A, t) yields the inclusion
{(1,j) e Nx N: p(z — Ajj,t) > e or v(x — Ay, t) <1—€}
C{(4,7) e Nx N: p(x —y;j,t) > € or v(z — y45,t) <1 —€}. So,
{(1,7) e Nx N:p(x — Ajj,t) > eor v(x — Aj;,t) <1—€}.
This means that I(,,) — lim u(x— Ay,t) =0and [, ,)— lim v(z— Aj,t) = 1. By Theorem

1,j—00 1,j—00

4.2, we have x € I(,,,) — lim inf A;;.
,j—00
[ |

The following result is well known in the theory of Kuratowski double convergence.
xz € lim inf A;; if and only if there exist N;; € N = Ny, and z;; € A;j for all (i,7) € N;j such
4,j—00
that ( limN xij; = x. For Kuratowski-IF-I-convergence, if I has property (AP), then this fact
1,5)EN;;
holds.

Corollary 4.1. Let I be an admissible ideal. If the ideal I has property (AP) then
I(“’V) — lim inf Aij = {$|E|NZJ S N[H,V(i,j) € NxN, Hyi]’ S Aij D 1im__yij = 33} (43)

4,j—00 1,JE€EN;;

Proof. Suppose that I satisfies condition (AP). Let x € I, ,) — lim inf A;;. Then I, ,y —

1,]—00

lim p(x — Ajj,t) =0 and [, ,) — lim v(z — Aj;,t) = 1. By condition (AP) we have It
1,j—00 ’ i,j—00 Hv
lim p(z — Ajj,t) =0and I}, | — lim v(x — A;j,t) = 1. Then there is a set M € F(I) such
,j—+00 (wsv) i,j—00
that
lim  pu(x — App,t) =0and  lim  v(x — App,t) = 1.
(m,n)eM (m,n)eM

Since A,y is closed, for (m,n) € M, there exists ymn € Amn such that
(T = Ymn, t) < 2u(x — Apn, t) and V(T — Ymn, t) > 2v(x — App, t).
Now, define the sequence {Ymn|Ymn € Amn, (m,n) € M}. Then limMymn =z.

m,n

On contrary, assume that x belongs to the right hand set of the equality (3.4). Let us define

L= ) Y if (i,j) € Nx N,

Y] arbitrary element of Aj, if (i,7) ¢ N x N.
Then I(*MV) — i}iinoo zij = x. So I, — i}iinoo zij = x. By Theorem 4.3, we have z €
I(%V) — hm ianz'j- [ |

1j—00

1974



Turkish Journal of Compuier and Mathematics Education Vol Il No 03 (2020), 1964-1076

Research Article

References

[1]
2]

[7]

8]

[9]

K. Atanassov Intuitionistic fuzzy sets fuzzy sets Syst., 20(1986): 87-96.

P. Das, P. Kostyrko, W. Wilczy “ nski, and P. Malik. I and i*-convergence of double
sequences. Mathematica Slovaca, 58(5):605-620, 2008.

K.Demirci, , I-limit superior and limit inferior, Mathematical
Communications,6(2001),165-172.

H. Fast, Sur la convergence statistique, Colloq. Math.,2(1951), 241-244.
J.A. Fridy, On statistical convergence, Analysis.5(1985)301-313.

A. George A.,P. Veeramani, On some results in fuzzy metric spaces. Fuzzy Sets Syst.,
64(1994): 395-399.

V. A. Khan, M. Ahmad, H. Fatima and M. F. Khan, On some results in intuitionistic fuzzy
ideal convergence double sequence spaces, Advances in Difference Equations, 1(2019) 1-10.

P. Kostyrko,T. Salat and W. Wilczynski, I-convergence, Real Analysis
Exchange,26(2)(2000)669-686.

V. Kumar ,K. Kumar, On the ideal convergence of sequences of fuzzy numbers, Information
Sciences 178(2008)4670-4678.

C. Kuratowski, Topologie, vol. I, PWN, Warszawa, 1958

B. Mark, and O. Duman. ”"Fuzzy Statistical Limits.” arXiv preprint arXiv:0803.4019
(2008).

M. Mursaleen, S.A.Mohiuddine, On ideal convergence in probabilistic normed spaces,
Mathematica Slovaca 62(2012)49-62.

J.H. Park, Intuitionistic fuzzy metric space. Chaos, Solitons and Fractals 2004; 22:1039-46

R. Sasdati, S.M Vaezpour, Some results of fuzzy Banach spaces. J Appl Math Comput
2005; 17:475-484

R. Saadati, J.H. Park On the intutionistic fuzzy topological spaces. Chaos, Solitons and
Fractals 2006; 27:331-44

A. Sahiner, M.Gurdal , S. Saltan, H. Gunawan, Ideal convergence in 2-normed spaces,
Taiwanese Journal of Mathematics 11(5)(2007)1477-1484.

T. Salat, On statisticaly convergent sequences of real numbers, Math.Slovaca,30(1980)139-
150.

T. Salat,B.C.Tripathy and M.Ziman, On some properties of I-convergence, Tatra Mt.
Math. Publ,28(2004)279-286.

1975



Turkish Journal of Compuier and Maithemaiics Education Vel Il Ne 03 2020), 1964-1976
Research Article

[19] O. Talo, Y. Sever, F. Basar, On statistically convergent sequences of closed sets, Filomet
30(6)(2016)1497-1509.

[20] O. Talo, Y. Sever, On Kuratowski I-convergence of sequences of closed sets, Filomet
31(4)(2017),899-912.

[21] L. A. Zadeh Fuzzy sets. Inform Control 1965; 8:338-53

1976



	Introduction
	Definitions and Prelimineries
	Kuratowski Statistical and Kuratowski I-Convergence
	Kuratowski IF-I-Convergence

